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Invariants of Differential Geometry by the Use of 

Vector Forms. 

By C. D. Rice. 

I. Introduction. 
Let the equation of the surface be given by 

x=f(uv), (1) 

where u and v are scalar variables. Partial derivatives in what follows with 
respect to u and v- are represented by the subscripts 1 and 2 respectively. 
Derivatives with respect to s, the length of a curve on the surface, will be 
denoted by primes. The well-known constants in a point are given by 

E = — SxxX-l , F = — Sx x x 2 , G = — 8x 2 x 2 , "] 

L=8a 1 x 1 = — Sax n , M=Sa 1 x 2 =8a 2 x 1 = — 8ax n , N=8a 2 x 2 = — Sax^, J 

where a is the unit vector normal to the surface at the point x. The vectors 
x', x lf x 2 , a', a x , a 2 are all parallel to the tangent plane at the point. When a 
curve upon the surface is determined by a scalar relation 

q>(uv) =c, 
we have 

$2 = -$±=r. (3) 

u' v' x ' 

By the use of these relations we find from 

x'=x 1 u'-{-x 2 v' 
the relation 

rx'=^> 2 x 1 — ^> 1 x 2 =w. (4) 

In like manner we find 

ra'=^> 2 a 1 — fya^la. (5) 

From the study of surfaces we have 

A*=EG — F i =Sx 1 x 1 Sx 2 x 2 —Sx 1 x 2 Sx x x 2 = — 8Vx x x 2 Vx x x 2 . (6) 
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But we know that ha=Vx 1 x 2 , and hence we find 

Aa=Vx 1 x 2 . (7) 

By multiplication we find also 

A= — 8ax x x 2 . (8) 

In like manner we write A a=Va 1 a i and find 

A)= — Saa^. (9) 

But we know that the Gaussian curvature k is given by 

Ak= ~ (LN—M*) 

= ~/T {Sa^Sa^ — SaxX^a^), since 8a i x 1 =8a 1 x !ll =M, 

= — — SVa 1 a 2 Vx 1 x 2 = — Saa^ . (10) 

.-. Aft=A . (11) 

By the use of r and w defined above we have the quadratic form : 

6=Eq>l—2F$$ 1 +Gqy i 1 =—S(q> z x 1 —q> 1 x 2 ) ($ 2 x 1 —$ 1 x 2 )=—8ww 
= — r z 8x'x', since w=^> 2 x 1 — q>i% z =rx', 
= r 2 , since 8x'x'= — 1. (12) 

Also we have the quadratic : 

X=L$\— 2M$ 2 $ 1 +N<p\ =S{$ 2 x 1 — q> x x 2 ) (^A— 4>ia 2 ) =8wE 
=r*8a'x', since ra'=co and rx'=w, 

= r 2 -, (13) 

P 

where — =Sa'x' is the curvature of a normal section through the tangent at 

P 
the point. 

Many expressions may be abbreviated by the use of the operator -j- 

where dn is an element of the are of the curve on the surface at right angles 
to the given curve. 

At any point P of the curve on the surface we have x', the unit vector 
along the tangent to the curve, and a the unit vector normal to the surface. 
Let us take £' a unit vector in the tangent plane at right angles to x. Then 
we have 

e=p=Vax'. 

s dn 
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Let us write ^'=cx 1 -\-ex z where c and e are scalars to be determined. We 
find 

Sax^' = eSaXiXz , Sax 2 % = cSax^ , 

.-. Ae = —Sax 1 iz' = —Sax 1 Vax' = —Sx 1 x', .-. Ac=Sax 2 £'=Sax 2 Vax'=Sx 2 x'. 

Hence we have 

P — r- 1 XoSx-iX' — x-iSxvX' | , or -^ = T \ =- 8x-,x' — =- 8x 2 v' k 

If now 22 be any function of w and v we find 
di? dE dx 1 f8fl 



{f s ^-f s 4 <"> 



dn " dx dn A [ dv 

The operator -j- is very useful in what follows. In particular we have 

A —■ = — I ^> 2 Sx'x 1 —^ 1 8x'x 2 \ = — \ Sx' ($ 2 ®i — ^x 2 ) \ = —Sx'w = r, 

where we define the quantity /? by (3= — . 

From a study of curves on surfaces we find 

D = — Sax'x" (16) 

to be the Geodesic curvature, and the expression 

W=-8aa'x' (17) 

to be the Geodesic torsion. 

Also we have the cubic 

K=8a"x'— 8a'x"=Pu' 8 +3Qu' 2 v'+3Ru'v' 2 +Sv' 3 , (18) 

where 

P=8a 11 x 1 — Sx-nQ-i, Q=8a 12 x 1 — Sx 12 a 1 =8a 11 x 2 — Sx u a 2 , "| 

R=Sa 12 x 2 — Sx 12 a 2 =Sa 22 x 1 — Sx^a-^, 8=Sa 22 x 2 — Sx^. J 
The mean curvature h is given by 

Ah= -^{EN-2FM+GL\ 

= — -r- j (Sx^Sa^Xz — 8x 1 x i 8a 2 ,x 1 ) — (Sx^Sa^ — Sx^Sa^) \ 

= — \8Vx- i x 2 Va- i x 2 —8Vx 1 x 2 Va 2 x 1 \=Saa 1 x 2 — Saa^. (20) 
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From this expression for h we easily find 

A%=ER—2FQ + GP, A 2 h 2 =ES—2FR+GQ, ] 

A i h'=E(Ru'+Sv')—2F(Qu'+Rv')+G(Pu' + Qv').\ 

Change of Parameters. — Suppose we have the surface %=f(uv) and wish 
to change to the parameters u, v, where u=P(uv), v=Q(uv). Let us write, 

du~ du ~ u dv~ dv ~ 2 ' du~du~^ lf dv~dv~^' 
Then we have the transformation 

Wt = XxPx + a? 2 ^! , ~x 2 = %P 2 + x 2 Q 2 . ( 22 ) 

The modulus of this transformation is denoted by 



a=p 1 <2 2 -p 2 <? 1 = 






(23) 



We wish now to consider forms of expression that are invariant in trans- 
formation. When the resulting expression has the same form multiplied by a 
power of 8 it is said to be a relative invariant form. When it has the same 
form, but not multiplied by a power of 8 it is said to be an absolute invariant. 

Elementary Invariant Vector Forms. — When a vector £ is transformed 
into the vector £ we have ' 

Form (I) d%=ldu+£ 2 0=(£ 1 P 1 +£ 2 Q 1 )du+ (£&+£&,) dv 

=£ 1 (P 1 du+P 2 dv) -t-t-ziQidu+Qzdv) =% 1 du+£ 2 dv=d%. 

This shows the complete differential to be invariant, and hence we have 
the complete derivative to be invariant. Hence vector expressions composed 
of factors that are complete derivatives are invariant. Thus 

D = —Sax'x", W=—8aa'x', Sx'x', &c, 
are invariant. 

Form (II) F&f 2 =F(£ 1 P 1 +&G 1 )(&P2+&&) 

which shows this form to be invariant. 

Under this form we have the invariants 

A= — 8ax 1 x 2 = — SaVx x x % , Ak— — 8aa l a % ——8aVa 1 a 2 , Saw 1 w 2 =8aVw 1 w 2 . 
Form (III) 8lx 2 -8l 2 x 1 =S(^ 1 P 1 +^Q 1 )(x 1 P 2 +x 2 Q 2 ) 

-S(£ 1 P,+&&) (oo 1 P 1 +x 2 Q 1 ) = (P l Q t -P t Q 1 ) (Sfa-Sfa) 

=S(S% 1 x 2 —8!;< ! x 1 ). 

This form is made up of the difference of two scalar terms of which the 
partial derivatives 1, 2 in the first term are respectively 2, 1 in the second 
term. 
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In a similar manner we may show the 1, 2 and 2, 1 form to apply to a 
large number of invariant expressions. Thus, 

SxjWz — Sx % w x , Sax-iWz—SaXzWx , sCxAj — x 2 A t , fax x — ty x x % , &c., 

are all invariant forms. 

Of especial importance under Form (III) is the invariant expression 

~ = — -£- j K 2 Sx'x 1 —K 1 Sx'x 2 j , see (14) 

where K represents either a scalar or a vector quantity. By the use of this 
invariant expression we have, when K is a vector, a number of invariant 
forms. Thus each factor in 

a dK a ,dK _ dK a „dK _ , dK' a dK' 
Sa-z—, Sax'-^-~, Saw-j-, Sx"- 3 —, Sax' -7— , Saw-r—, 
dn dn dn dn dn dn 

being invariant, the forms themselves are invariant. 

Every invariant in differential geometry may be shown to be composed 
of one or more of the elementary forms (I), (II), or (III). If we can 
evaluate any of the invariant forms that we can write out from our simple 
elements in terms of well-known invariant expressions, we will be enabled to 
evaluate any invariant or covariant expression of differential geometry. 

Forsyth has shown in his " Differential Geometry " that all invariants and 
covenants formed by the use of derivatives below the third order may be 
expressed in terms of any set of twelve such expressions that may beselected. 
From the set selected by him he derived eleven absolute invariant expressions 
as his fundamental set. For the set that we will use in this paper let us take 
the following by means of which we will evaluate all other invariant forms 
made by derivatives below the third order : 

D = — Sax'x", the geodesic curvature. 
W= — Saa'x', the geodesic torsion. 

k = — -T-Saoxa?,, the Gaussian curvature where A= — SaXiX 2 . 



/3 = -r- = -^— — , the differential parameter of the first order. 

h = — j Saa&z — 8aa 2 Xx \ , the mean curvature. 



1^ 
9 



A 

8a'x'= — Sax", the curvature of a normal section. 



d/9 dp dh dh d 



ds ' dn' ds' dn' ds 



\p/' dn\p/ 
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Between these there exists the relation 

k=--\-W\ 
P 9 

making in reality only eleven absolute invariant forms to be used. 

We will now evaluate a number of invariant forms and will later show 
that invariants of differential geometry are composed of those forms. It will 
be seen that every form that we notice will be invariant by reason of elemen- 
tary Form (I), Form (II) or Form (III). Hence, while we may evaluate 
invariant or covariant expressions of differential geometry by means of a set 
of eleven, we may express all such invariants or covariants in terms of three 
elementary type forms. 

II. Evaluation of Invariant Forms. 

"We have defined 

w=q> 2 x 1 — q> 1 x 2 =rx', (24) 

which is seen to be invariant by type form III. Also we have 

Sww=r 2 8x'x' = — r 2 , since 8x'x' = — 1. (25) 

8x'w'=8x'(r'x' + rx")= — r', since 8x'x"=0. (26) 

Sww'=rSx'w'= — rr'. (27) 

Since 8ax x x 2 = — A we have 

8awx 2 =8a ($4%i—$iX 2 ) x 2 = — <£> 2 A, Sawx 1 =8a (4> 2 #i — 4>i%) «h= — &A. 

By differentiation we find 

8aw t x 2 + Sawx 12 = — $ 12 A — q> 2 Ax , 8aw 2 x 1 +Sawx 12 = — 4> 12 A — 4> X A 2 . 

.•. Saw^x-y — (9aw 1 a? 2 =4> 2 A 1 — $ 1 A 2 =rA\ (28) 

We have seen that we may write ru'=$ 2 and rv' = — $ lf and from these we 
find r x u'-\-ru"=qt 12 = — r 2 v' — rv", 

.-. r(u" + v")= — \r 1 u' + r 2 v'\ = —r'. (29) 

We have seen that 

Ah= Saa^—Saa^. See (20) (30) 

Ak=—8aa 1 a 2 . See (10). (31) 

1 

8a' a' = — -^ 8a'a'8ax x x 2 

= — -r- \ Sa'xxSaa'Xi — 8a'x 2 8aa'x x \, since 8aa'=0 

= — — 1 8a 1 x'8aa'x 2 — SazX'Saa'x^, since 8a'x 1 =Sa 1 x', &c, 
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= — -j- \ 8a' x' (Saa x x 2 — Saa 2 x x ) +Sx'x 2 Saa'a 1 — Sx'x^aa'a^, \ 

= — —■< Saa^Sx' (x 2 v' -\-X)U') \, since Saa'a 1 =v'Saa 2 a 1 

= _ 1 {^Lj r ^ 1c s x 'x\=~ — + h. (32) 

A L p J p 

It is easily seen that the vector Va'x' is parallel to a, the nnit vector 

normal to the surface. Hence we have 

Wa=Va'x', since W= — Saa'x'. 

. • . W % = —SVa'x'Va'x' = —Sa'x'Sa'x'+Sa'a'Sx'x' = —\ + — — k. (33) 

9 9 
WD=8aa'x'8ax'x" 



Saa Sax' Sax" 

Sa'a Sa'x' Sa'x" 

Sx'a Sx'x' Sx'x" 
=Sa'x". 



— 1 Sax" 

Sa'x' Sa'x'' 
0—10 



, since Sx'x"=0 



Saa'x" = —Sx'x' Saa'x" = — Sx'a' Sax' x"— Sx'x" Saa'x', since Sx'a = 

= — , since Sx'x"=0. 
9 

Saa'w'=Saa' (r'x' +rx") =—r'W+ 

Sx'i£=Sx'Vax'=0. 
an 



rD 



„ dw „ ,( Ax' , , dr\ 
Sx' -J- — Sx'\ r -j— -fa/ -y- ), 
an \ an an/ 



since w = rx' 



_ dr 

~ dn ' 

Sx'j-= — -r- j Sx'x 1 Sx'a 2 — Sx'x z Sx'a x \ , see (14) 



(34) 

(35) 
(36) 
(37) 

(38) 



A 
A 



= — — \Sx'x 1 Sa'x 2 — Sx'x^Sa'xy}, since Sa'x 2 = Sx'a 2 and Sa'x 1 —Sx'a 1 
SYx x x 2 Va'x' = — Saa'x', since Aa = Vx x x 2 



= W. 



Sa-r- = — Sw^-, since Saw=0 
an an 

= —rSx' -=- = — rW. 
dn 



(39) 



(40) 
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Sa'^= Sa'Vax' = —Saa'x'=W. (41) 

an 

Sax' -=- = — -r- { Sx'x-iSax'Wz — Sx'x 2 8ax'w 1 \ 

= — — | Sx'x' (Sax-iito?, — SaxflUx) -{-Sx'WiSax'x^ — Sx'w-JSax'Xi \ 
= _ * | r A' + ASo;' (w 2 t>' + ti^u' ) \ = — -^ ( r A' + A£a/w' ) 

since we define /3= -r- . (42) 

5o«; ~ = rSax' ~ = r A/3', since 10 = r*\ (43 ) 

d% aw 

aV „ d (w\ 1 a ,dw . d (w\ 1 dw , d 1 1 \ 

£a#'-— =£W — ( — — — Sax'-f- , since —( — )=— — +w-j-( — ) 

dw dn\r J r dn' du\rj r dn dn\r] 

= ±A(3'=%. (44) 

# aa; ' ^ =SVaa!Vaaf=—SaaSafaf=—l. (45) 

,SW^ =-8afa/8aW^=-8a/w'8a^ ^=-f. (46) 

a« w <*w 

= 4-r'AB'—rDSx'-r- (rx') t since 8ax'w'=8ax'{r'x'-\-rx")——rD 

1 r dn 

= +r'Ap'+rD^. (47) 

*«•£ ' = -*.**«•£ = -^ te ^'-^|W,'=| f (48) 

SW -=- = — Sx'x'Saa' -j- 
dn an 

= -8x'a'Sax'p-8x'p Saa'x'=--A^'-W~. (50) 

dn dn p dn 
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Saa' ~ =SVaa'Vax' = —SaaSa'x' = — . (51) 

an p y ' 



da 1 

dn 



Sax' -jz= — -x {Sx'x^Sax'a^—Sx'XiSax'ax] 



■a 



= — -r- {Sx'x'^Sax^ — Sax 2 a x ) +Sx'a 2 Sax'x x — Sx'axSax'x, 

= — ~ \—Ah+ASx'(a 2 v'+a 1 u')\=h— — . (52) 

Saw' -r- = —Sx'x'Saw' -=- 
aw aw 

= -flaM8W^-,S'a>' ^^awV=r'^--)-rDTF. (53) 

/Saa' -=- = — Sx'x'Saa' -y- = —Sx'a'Sax'- 1 Sx'-^-Saa'x' 

dn dn dn an 

= _L(h-—\+W*=-k. See (33). (54) 

8ax » *£ - -Sx'x'Sax" ~ = -Sx' ^ Sax"x'=-WD. (55) 

dn an an 

Saw x w 2 = —Sx'x'Saw x w 2 = —Sx' (xiu' + x 2 v' ) Saw x w 2 
= — j Sx'x x Saw'w 2 — Sx'x 2 Saw'w x j 

= ASaw'^=A 2 r'B' + ArD^-. See (47). (56) 

dn r an 

= + 4 8x"a'Sax' ^ , since tfaV ^ =0 and Sx"x'=0 
' W dn' dn 



Sa'^ = 



= dU——). See (34). (57) 

=-M-j( r ' Al),+rDd £) + ^ij +rDW )} 
=-M- rD fu +rDw ^)- d £- Aw ^ < 68 > 

-M-H r ' + Uj +rWD ^- w f- <59 > 

22 
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da' 



ri da d r\ „ ,dw . „ . r 

Sw -z~ = t- I — ) — S a' t- , since Saw= — 
dn dn\ p / dn p 

d / r \ a J dx' ,dr\ . , 

= 3-1 — ) — Sa'i r -= — \-x' -?- ), since w=rx' 
dn \ p I \ dn dn/ 



dn\ p / 3 p dn 

dn\ p / p dn 3 dn~ dn\ 1 8 ' 



M *r'(L) + MiL. (61) 

dn an \ p / r 

Sx " *? = - 1 £a» *? # a aV = - 4 Wa&*V ^- &z"a'£aa' ^\ 
dn W dn W I a» aw J 

= -^{- — IFSa^— TF£A/3'1, since Wa=Va'x' 

= - r *W+DA8\ (62) 

uSa" -p- = — Saa"x', since -7- = Vax' 
dn dn 

= —Saa"x'—Saa'x"+Saa'x"=W'+ — . See (35). (63) 

j 1 

8a" j- = -r- j Sx'XzSa"®! — Stix-JS^'Xt \ 

= 4" 1 flarts, (^a"^— ^"Oj) — &£% (Sa'%— 8x"a 2 ) \ +8x" ^ 
za an 

= ~~ ~X ^8x'x 2 I # a ' fa) '— 8x ' ( a i) ' \ —Sx'vi \ 8a' (x 2 ) '—Sx' (a 2 ) ' \ ] 

+#2;"^-, since Sx'a 1 =8a'x 1 
dn 

= _J_ [8x'x 2 \8a' (x') 1 —8x' (a') 1 \Sx'x 1 \Sa' (x') 2 —Sx' (a') 2 \] 

+ Sx"i? 

dn 

= i- [Sx'x 2 \8a'(x') 1 +Sx'(a') 1 \—8x'x 1 \Sa'(x') 2 +Sx'(a') 2 \] 

- 4- [^'^a'(a;') 1 -^'a; 1 ^a'(a;')2] +8x"^ = j-(±) 
A ' dn dn\ p / 

-l*f+^t=i(7) +w f +B (*-7> <64> 

See (59) and (57). 
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W = —Saa"x'—Saa'x" = Sa"Vax'—Saa'x" = 8a" ^ —Saa'x" 

an 

=Uj) +2W j +D ( h -7)-j- See m and <35) - 

Saa'a" = — Sx'x'Saa'a"=—Sx'a'Sax'a"—Sx'a"Saa'x' 

= — —(8ax"a'+8ax'a") + — Sax"a'+WSa"x' 
9 9 

= — ]El — R +Tf (K+WD), since K=8a"x'—8a'x"=8a"x'—WD 

o dn\p/ \p f I p p 

= _LU±-)- Dk -™£+WK. (66) 

p an \ p I p 

By the use of similar methods we find 

Sx^-Sxiw^ -A (rD- ^ . (67 ) 

8x'(A 1 a 2 -A 2 a 1 )= a(wA'-j^). (68) 

8aa 1 w i -Saa i w 1 =-AW (rD+ ^)— — A'0- 2*§L +r > A h. (69) 

Sax' (A 1 w 2 -A 2 w 1 ) = -rA' 2 + ArD —■ + AA'r '.> (70) 

n,/\ A ,__ t 

Sax' ( A x a 2 - A 2 a 1 ) = AA'h—AW -^ A'. (71) 

Sa 1 w 2 -Sa 2 w 1 = -ArD (h- —) + — d £ -2A*Wp"-rA'W. (72) 
Saa^z-Saa^x')^-^ -AWD. (73) 

Sa(a') 1 xz-Sa(a') 2 x 1 = Ah'-~^(h--^)+AWD. (74) 

Each form evaluated above is seen to be invariant by virtue of the type 
forms I, II or III, of which it is composed. 
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III. Invariants of Differential Geometry. 

In what follows invariants or covariants of differential geometry will be 
seen to be composed of one or more invariant forms, and hence may be 
expressed in terms of one or more of the three type forms I, II and III. It 
will thus be seen, also, that the invariants and covariants may be evaluated 
by the use of the results obtained in the previous section. 

In making the evaluations of invariant forms the derivatives of r and A 
were used in several instances. The reader will notice that in combining two 
or more of these forms to express an invariant or covariant in differential 
geometry that the derivatives of r and A are eliminated by the use of the 
relation r=A^3. 

In what follows the invariancy of an expression will be indicated by 
giving at the right the type form or forms of which it is composed. 

The quadratic form 

was shown in (25) to be given by 

$=—Sww=—S(<p 2 x 1 —$ 1 x 2 )(q> 2 x 1 —q> 1 x 2 ) (Form III). (a) 

From this we obtain the absolute invariant 

where /3 2 is the differential parameter of the first order. 
Again we have the quadratic form 

X=L$— 2M$ 2 $ 1 +N$=S($ 2 % 1 — q> x x 2 ) ($ 2 a x — <fta 2 ) (Form III). 

=Sw(H, since 75=di 2 ai — $i a 2 

r 2 
=r 2 S f a;'o', since w=rx' and oi=ra' = — . See (13). (b) 

From this we obtain the absolute invariant form 

v # 2 „ 

A 2 = 7' 8inCe ^ = A 
We have seen also in (10), 



&-■£, since/?=4- (b') 



k= -r-2 (LN—M 2 ) = -rj (Sa^Sa^—Sa^Sa-ifCi) 



A 2 v — "* ' — A 2 
1 
A 



= — T2 SVa 1 a 2 Vx 1 x z (Form II) 



-r- Saa 1 a 2 .. ( c ) 



Rice : Invariants of Differential Geometry by the Use of Vector Forms. 177 

In differential geometry this absolute invariant is often written 

k=— . (C) 

After omitting the numerical factors the functional determinant of and % 
may be written 

S^w, 8x 2 w 



J ex — 



Sa^w, 8a 2 w 



=—r 2 \8x 1 x'8x'a 2 — 8x 2 x'8x'a 1 \ 



= Ar 2 Sx'^=Ar 2 W. See (39). (d) 



From this we find the absolute invariant 

!§■ =?W. (d') 

We have the quadratic 

d =A<p\— 2£<fc# 1 + C<p\= r 2 (Au' 2 + 2Bu'v' + Cv 2 ) , 
where 

A A = A$ u + Sawx n , AB — A$ 12 + Sawx i2 , AC = A$ 22 + Sawx 22 . 

r 2 
. • . d= -^ \ A($ 11 u' 2 +2$ 12 u'v'+$ 22 v' 2 ) +Saw(x 11 u' 2 +2x 12 u'v'+x 22 v' 2 ) \ 

r 2 

= -£ \ —A($ 1 u"+fyv") +Saw(x"—x 1 u"—x 2 v") \ 

= -^ \— AiW+fyv") +Sawa>"+A(<l> 1 u"+<l> 2 v") \ 

= ~Sax'x" (Form I). (e) 

In this last form d is seen to be invariant. We have also the absolute 
invariant form 

A 

A 



9 -—(3 8 D, since D=—Sax'x". (e') 



More useful expressions for A, B and C may be found as follows : 

Sawx-L = Sa (4> 2 #i— $1%) x i = — $1 A, Sawx 2 = Sa (fypi — ^> x x 2 ) x 2 = —$ 2 A. 

By differentiation we have, 

8awx n + Saw-iX-L = — ^A x — $ U A, Sawx 12 + Saw 2 x x = — $1 A 2 — $ 12 A, 
Sawx 12 + 8aw x x z = — 4> 2 A x — $ 12 A, Sawx 22 + 8aw 2 x 2 = — $ 2 A 2 — ^ A, 

and by the use of these relations we find 

AA = —^Ax—Saw^! , AB = —^A^—Saw^ = —Q^—Saw^ , 
AC=—q> 2 A 2 —Saw 2 x 2 . 
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The intermediate invariant of and d may be written 
I=AG—2BF+CE= -^ [Sx^A^+Saw^) — 8x 1 x 2 (^ 2 A 1 -\-8aw 1 x 2 ) 

— Sx&aifaAz+SawtfDj) -\-Sx 1 x 1 {$ 2 A 2 +Saw 2 x 2 ) \ 
= -^ \A 1 8x i {$ l x 2 —<p 2 x 1 )—A 2 Sx 1 {q> 1 x 2 —q> 2 x 1 ) +8x 2 w 1 8ax 2 x 1 

+ SxzXxSawxXz — SxiXzSaWxXz — 8x 1 w 2 Sax 2 x 1 + 8x 1 x 1 8aw 2 x s — Sx 1 x 1 8aw 2 x 2 
= —r {AzSXiW — A 1 8x 2 w+A(8x 2 w 1 — Sxiw 2 ) \ (Form III) 

= ^ i-rA-^ -A 2 (rD - ^)}. See (14) and (67) 

= ~ArD+A^-8^A = A^-8A i D f since r= A3 

dn r dn dn ' r 

= «(¥«-?»)■ 

and from this we have the absolute invariant 



(f) 



dp 

dn 



^2 A«. r ' 



(f) 



It is well to notice that the above invariant may be written 

'= A MsM£)} (PormIII) 



or 



1_ __ 1 ((8x 2 w\ _ (8x lW \ 1 1_ f 3_ ( &h—F<h \ d_ ( E<t>2—F<pi \\ 
A 2- All A A \ A /J~Ala«\ A J dv\ A /}' 



which is the differential parameter of the second order. 

By omitting the numerical factors, the Jacobian of and d may be 
written : 



' 6d- 



SXtW, S% 2 W 

(Afy-Bfr), (Bfy-Cfr) 
1 Sxw, ^(faAx+SaWxXj—QxifoAi+SaWiXz), 
A 8x 2 w, ^ 2 (p 1 A z +8aw 2 x 1 )—^ 1 (^> 2 A 2 +8aw 2 x 2 ) 

Sx-iW 8x 2 w 



1_ 
A 



SaWiW 8aw 2 w 



, since w=q> 2 x 1 — fyXt 



=— — ISxjX'Sax'Wz—SxiX'Sax'Wxl (Form III) 
= r i 8ax'^=r i A8'. See (42). 



-.??. 



JOd 
• • A 8 
The cubic 

K=P^> S 2 —3Q^ 1 +3B^>1— Stf=r 8 (Pu' s +3Qu' 2 v'+3Ru'v'*+Sv"') 
=r*(Sa"x'—Sa'x") (Form I), 
is seen in this last form to be invariant. 



(g) 
(g') 
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This cubic may be expressed in terms of well-known invariants as follows : 
K= r 3 {8a" x' + 8a'x"—28a'x" ) 

='{£ <*«'*'> -2*.'*"} -'&($)->"»}. 
and from this we find 



MUt)- 2WD 



(h') 



K 

A s_ r Ids \ p 

From the cubic K, let us take 

K = 8a"x' — 8x"a' = 8 (a u u' 2 + 2a 12 u V + a 22 v' 2 ) x' — 8 ( x n u' 2 + 2x 12 u'v' + x 22 v' 2 ) a' 
=u' s \8a n x 1 — 8x n a x \+u' 2 v'\ (8 'a u a? 2 — &%a 2 ) +2(Sa 12 x 1 — Sx 12 ax) j 

+ u'v' 2 j 2 (8a 12 x 2 — 8x 12 a 2 ) + (Sa^x— Sx^aJ \+v' s \ Sa^Sx^ \ . 
Now we have 8a 1 x 2 =8x 1 a 2 , and by differentiation we find 

8a u x 2 — 8x n a 2 = $a 12 a?i — 8x n a x , Sa-mXi — 8x 12 a 2 = 8a 22 x x — 8x 22 a x . 

If now we write 

K=Pu' s +3Qu' 2 v'+3Ru'v' z +Sv' 3 , 

we have from the above, 

P =Sa u x x — Sxutt! , Q=Sa 12 x 1 — #;K 12 a 1 =/S'a u :E 2 — Sx u a 2 , 
R = 8a l2 x 2 — Sx V2 a 2 =Sa 22 x 1 — 8x 22 a x , 8 = 8a 22 x 2 — Sx 22 a 2 . 

Let us now denote 

K x = Pu' 2 + 2Qu'v' + Rv' 2 , K 2 = Qu' 2 + 2Ru'v' + Sv' 2 . 
Then we find 

K x -u' (Pu' + QV) +v' (Qu' +Rv') 

=u'\S(a x )'x x -S(x x )'a x \+v'\8(a 2 )'x x -S(x 2 )'a x \ 
=u'\S(a') x x x — 8 (x') x a x \ +v' \8 (a') 2 x x — 8(x') 2 a x \ 
=8x x {(a') x u'+(a') 2 v'\—8a x \(x') x u'+(x') 2 v'\ 
=8a"x x —8x"a x , 

and in like manner K 2 =8a"x 2 —8x"a 2 . 

The expression 

<r= {E 2 8-3EFR+(EG+2F 2 )Q-FGP\4> 2 

-\EF8- (EG+2F 2 )R+3FGQ-G 2 P \$ x 
= \E(ES—2FR + GQ)—F(ER—2FQ+GP)\<p 2 

-\F(ES-2FR+GQ)-G(ER-2FQ+GP)\<p x 
= A 2 \(Eh 2 -Fh x )^> 2 -(Fh 2 -Gh x )^ x \ See (21) 
= —A 2 j h 2 Sx x (fyXi—Q^) —hfix^fyXi—ipiXz) \ 
= — AV | h^xyx'-h^x^' | (Form III) 

= «* d £- w 

is seen in the last two forms to be invariant. 
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From this we easily derive the absolute invariant form, 
Also we have 



<r _odh 



<i') 



<r' = (ER-2FQ-GP)<j> 2 - (ES-2FR + GQ)<f> 1 
=A 2 (h 1 <p 2 .-h 2 <j> 1 ) See (21) (Form III) 
=rA 2 W 

which is seen to be invariant. It may also be written 

as an absolute invariant. 

The Jacobian of the cubic K and the quadratic $ may be written : 



(3) 
(3') 



Jk*=— r s 



8x'x x 8x'x 2 

Sa"x x — 8x"a x 8a"x 2 — Sx"a 2 



= Ar 3 iSa" 



dx „ ,,da 

- n Sx" -=- 

an an 



= Ar 



= Ar 



(Forms I and III) 

L £(±) +2 EM< +fl (* M 4-1)} 



m+m 



See (57) and (64) 



From this we have the absolute invariant form, 



^=^£(jh 2W ^ 



(k) 
(k') 



As a special case of the quadratic 

—Sx'x' = Eu' 2 + 2Fu'v' + Gv' 2 
and the cubic K=Pu' s +3Qu' 2 v'+3Ru'v' 2 +Sv' s =Sa"x'—Sx"a', 



we may write 






K(j)+ m P'Y 



The Jacobian of P and % may be written 

— 8a x x' 8a 2 x' 

(Sa"x x —Sx"a) x — (8a"x 2 —Sx"a 2 ) 



J PX = 6r s 



= 6r s 



Sa' x x 8a' x % 
8a"x x 8a"x 2 



— 6r a 



Sa x %' 8a 2 x' 
Sx"a x 8x"a 2 



, since 8a 1 x'=Sa'x 1 



= —6T 3 \ SVx 1 x 2 Va'a"—SVa 1 a 2 Vx'x" j = —6Ar> j Saa'a"—kSax'x" j (Form I) 



= +6Ar 
= 6 A 3 



L'(l) +Bi +mL-wp-Bk 

I o an \ o / pp 

Ip o»\p/ pp J 

' ' A 1- bp \p dn\ 9 r ?P 



See (66) and (16) 



WP 



(1) 
d') 
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The discriminant of the quadratic d may be given 

A*(AC—B 2 ) = (^) 1 A 1 +Saw 1 oc 1 ) ($ 2 A 2 + £W 2 :r 2 )— ($ 1 A 2 +/SW 2 # 1 ) (faAx+Saw^) 
=A 1 Saw 2 ($ 1 x 2 — toft) +A 2 $W 1 ($ 2 :r 1 — toft) +/S'aM; 1 a; 1 /S'aw 2 a; 2 

— 8aw 2 x 1 8aw 1 x 2 =Saw (A x w 2 — A^w^) -\-Saw x \ x x 8aw 2 x 2 — x 2 8aw 2 x x \ 
= Saw ( A x w 2 — A 2 Wi ) + 8aw x \ w 2 8ax x x 2 + x 2 8aw 2 x x — x 2 8aw 2 x x \ 
=Saw(A 1 w 2 —A 2 w 1 ) — ASaw 1 w 2 (Forms II and III) 

= -r 2 A' 2 + Ar 2 D -^ +rAA'r'-A 8 r'8'- A 2 ^ rD 
du du 

See (70) and (56) 
= - A 2 rD & -(3 ^\—rA(3A' 2 + ArA' ( A/3' + A'/S) -AV/3' 

=- AVC (<s-^)+ A, w A '- r '> 
=- AW (|-^)- A ^=- AW i- A '' 3 '- < m > 

.•.i(iC-F) = -/3"- (3D §*. (m< ) 

The intermediate invariant of d and # is given by 

NA—2MB+LC= — -r- [\Sa 2 x 2 (A 1 to+Saw 1 x 1 )—Sa 2 x 1 (A x to+8aw 1 x 2 ) \ 
— 1 8a x x 2 ( A^> x +8aw z x x ) —Sa 1 x x (A !l to 2 +Saw 2 x 2 ) \ ] 
= — — [ A x 8a 2 ($&— $&.) —A 2 Sa 1 (to^—toft) 

+ 8a % x 2 8aw x x x — 8a 2 x x 8aw x x 2 — Sa x x 2 Saw 2 x x + Sa 1 x 1 Saw 2 x 2 ~\ 
= — — \ (A 2 8wa 1 — A x Swa 2 ) + A \ 8a 2 w x — 8a x w 2 \ \ (Form III) 

= 0A (WA>- - 1 - -f ) -ArD (h- 1) + ^ £ 
r V p dn/ \ p / p dn 

—2WA 2 8'—A'rW See (68) and (72) 

_ A !^_ A 2 /3I) // l _l. N j_2TFA 2 /3'. (n) 

p dn r \ p/ 

#4— 2af£+LCJ= — ^-pD(h-— )-2W(3'. (W) 



'"* A 2 L J p 

It is well to notice that the above gives the form 



NA-2MB+LC=A^8a x (£)-S<t, (~)J (Form III). 



23 
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E 


F 


G 


L M N 


A 


B 


C 



"We have 

=C{EM—FL) +B(LG—FM) +B(FM—EN) +A(FN—MG). 

Now we find 

EM — FL = — [Sx^Sa^ — Sx^Sa^] = —SVx 1 x 2 Va 1 x 1 = —ASaa^ , 
LG — FM = — [Sx^Sa^ — Sx 1 x 2 8a 1 x 2 ] = 8Vx x x 2 Va x x 2 — A8aa x x 2 , 
FM — EN = — [SXiXtSaz®! — Sx&Sa^] = 8Vx 1 x 2 Va 2 x 1 = A8aa 2 x 1 , 
FN — MG = — [Sx^Sa^ — Sa^Sx^] = — 8Vx 1 x 2 Va 2 x 2 = — A8aa 2 x 2 . 

=8aa 1 \ x x ($ 2 A 2 -\-Saw 2 x 2 ) — x 2 (^A^Saw^) \ 
— 8aa 2 1 x x (foAj. + 8aw x x 2 ) — x 2 ((foAi + Saw^) \ 

=A 2 8aa 1 w — A 1 #aa 2 w+'S'<Wi \ w 2 8ax 1 x 2 -\-x 2 8aw 2 x 1 — x^aw^ \ 
— Saa 2 \ WxSaXxXz + x^Saw^ — xSaw^ \ 

=Saw(A 1 a 2 —A 2 a 1 )+A(8aa 2 w 1 —8aa 1 w 2 ) (Form III) 

= r A' Ah— rAW ~ — r — A' + A 2 w(rD + dr 



E F 


G 


L M N 


A B 


C 



An 
A 2 



P 

2A7?' 

9 

dA 



dn 



=A 2 h(pA'—r')—A 2 W (a 

= -A 3 h(3' + A 3 W jj? + A 3 8WD + ^SL 



dn. 



-r'A 2 h See (69) and (71) 

dr\ , A2W _ , 2A 3 /3' 






1^ 

A 3 



P 

E F G 
LUN 
ABC 



(o) 



(o') 



Many other examples could be given, but enough has been shown to 
illustrate the use of vector methods in discussing certain forms found in 
differential geometry. The reader will see how .much more direct and simple 
these expressions and reductions are in vector forms than in the use of the 
more tedious expressions in Cartesian coordinates. 

Univebsity op Texas. 



